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1 Lorentz group

In the derivation of Dirac equation it is not clear what is the meaning of the Dirac v matrices. It turns
out that they are related to representations of Lorentz group. The Lorentz group is a collection of linear
transformations of space-time coordinates

at — o't = AE 2V
which leaves the proper time
2 0\2 2 v 2
T :($ ) _(',B) =al'z Guv = T

invariant. This requires the transformation matrix A} to satisfy the pseudo-orthogonality relation,
A%Alj[%gm/ = Jap

1.1 Generators
It is useful to investigate the group structure by studying their infinitesmal elements near the identity, the
generators. For infinitesmal transformation, we write

AR, = gh + €, with |eh] <« 1

As before, the pseudo-orthogonality relation implies

(95 + €4) (95 + €3) 9 = Gap
Or
€af T EBa = 0

We see that e,3 = —£g4. So there are 6 independent group parameters.
Example: Boost along x — axis

coshw sinhw 0 0 1 w 00
sinhw coshw 0 0 w 1 0 0
AN — —_—

@ 0 0 1 0 0 01O
0 0 01 0 0 01

This implies that

e =w h=w (1)
Or
€01 = W, €10 = —W

Similarly, g2, and €p3 correspond to boosts in y and z directions respectively.



Example: rotation about z — axis

1 0 0 0 1 0 0 O
AP — 0 cosf —sinf 0 . 01 -6 0
@ | 0 sinf cosf® O 06 1 0
0 0 0 1 00 0 1
Then
512——0, 521:9
Or
c12 =0, €91 = —0

Similarly, e23,and €31 correspond to rotations about x— and y axis respectively.
Consider f(x*), an arbitrary function of #. Under the infinitesimal Lorentz transformation, the change
in f is

@) = J@) = Fah + k) f(H) + 2aps®uf +
= f@@")+ %Sag[xﬁaa — 2P f(z) + -

Introduce operators M, to represent this change,

f(@) = f(z) - %saﬁMaﬁf(x) 4.

then
M = —i(z*0P — 2P9) (2)

generators M, are called the generators of Lorentz group operating on functions of space-time coordi-
nates. Note that for o, 8 = 1,2, 3 these are just the angular momentum operator L;; = i (z;0; — x;0;).
Using the generators given in Eq(2) it is straightforward to work out commutators of these generators,

[Maﬁy M'yé] - _7;<g,37Ma5 - gowMB(S - gﬁéMa'y + gaéMB’y)

Define
M;; = €ijiJr, Mo = K;

where Jj s correspond to the usual rotations and K; the Lorentz boost operators. We can solve for J; to

get
1
Ji = §€ijijk

The commutator of J/s are,

1\ 2 1
[Ji, Jj] = <2> €ikl€ jmn | My, Mmn] = (—1) (5)26ikz€jmn(glkan — GemMin, — ginMim + Gien Mim)

1 .
= (5)? (=) [—€imigjinMn + €€ jinMin + €ir1€ jrt Mim — €ik1€ jmk Mim)]

2
Using identity
€abc€alm = (5bl60m - 5bm(scl)

we get
[Ji, Jj] = i€iji T (3)



Thus we can identify J; as the angular momentum operator.
Similarly, we can derive
(K, Kj) = —ieijiy, [Ji, K] = deiju Kk (4)
Eqs(3,4) are called the Lorentz algebra.

To simplify the Lorentz algebra, we define the combinations

1 1
A; = i(JZ + ZKZ) ,B; = i(JZ — ’LKZ)

Then it is straightforward to derive the following commutation relations,

[A;, Aj] = i€, Ap, [Bi, Bj] = i€;j) B, [Ai, Bj] =0

This means that the algebra of Lorentz generators factorizes into 2 independent SU(2) algebra. The
representations are just the tensor products of the representation of SU(2) algebra. We label the irreducible
representation by (71, j2) which transforms as (2j; 4+ 1)-dim representation under A; algebra and (273 + 1)-
dim representation under B; algebra.

1.2 Simple representations

(a) (3,0) representation y,
This 2-component object has the following properties,

0 1 . o
Aixq = (Ez)abXb = §(J7; + 1K) X, = (Ez)abXb
1 .
Bix, =0 = i(Ji —iKi)x, =0
Combining these realtions we get
- ol — a
Ix = (5 x = —i(5)x
(b) (0, 3) representation 1,
Similarly, we can get
1 .
Aing =0 = Q(Ji +iKi)n, =0
o ) o
Bitlg = (5 )ab = (= iKn, = (5 )avmy
- o —» a
n= () = i)

If we define a 4-component ¢ by putting togather these 2 representations,

=)



Then the action of the Lorentz generators are

fw:( )w, m:(—é% ﬁ?)w
2

O Qg
wlQr O

(5)

1) are related to the 4-component Dirac field we studied before, but with different representation for the ~y

matrices. This can be seen as follows.
Consider Dirac matrices in the following form

n
7“—(50“ JO ) where o = (1,5) ,o" = (1,—-0)

o (01 . (0 &
=110 7=\ 2z o

It is straightforward to check that in this case.

. 10
s = iv0yyt = < 0 1 )

More explicitly,

This means that in 4-component field ¢ = ( 2 > , X is right-handed and 7 is left-handed. In this

representation, usually called the Weyl representaiton, it is easy to check that

o _; (01 0 o\ [ —ic® 0

00 =¥ 1 0 )"\ 0 o
. . 0 o 0 o o o, O
U”L] - 2717‘] =1 —0; O _0,] 0 - 62]16 0 o)

In the Lorentz transformation of Dirac field,

Y(a') = S = e:rp{—%crw,e“”} = ea:p{—i(QJOiem +0459)}

Write &% = ¢, & = gikgh

y — o 0 -6 0
Uz‘jG”ZE”QQﬂ<O 01):2< 0 aé)

More precisely,

Y'(z') =S¢ = ewp{—%aws“”}w = exp [ 2Z ( ?
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If we write the Lorentz transformations in terms of generators,

L = exp(—iM,,,e")

— —

then in terms of the generators J, K
L =exp [(—z) (J- 0 —l—K,B)]

— =

We then see from Eq(6) that for this ¢, J, K are of the form,

- 1/G 0 - 1( —id 0
‘]_2<0 5)’ K_2< 0 i&’)

These are the same as those in Eq(5). This demonstrate that the wavefunction which satisfies Dirac

1 1
equation is just the representation (2,0> P <0, 2) under the Lorentz group. Futhermore, the right-

1 1
handed components transform as <2, 0> represenation while left-handed components transform as <0, 2>

representation.

Alternative choice is to use ¥p and the complex conjugate 1} ( sometime dotted indice are used for
this basis) instead of ¥ and ;. Since

- a — e

Jipr = (§)¢R> Kyp = —Z(§)¢R
we get for the complex conjuate

Tk 7" * >k . 7" *

J¢R:(?)¢Ry KwR:Z(?)wR

It is probably more clearer to use some other notation for ¥'%,

. &* - g
(" Kx=i(—+
Jx (2)X, X 2(2)X
Then
Ax=5(J +iK)x =0, Bx=3(J —iK)x = (5 )x

1
and indeed y belongs to the irrep (0, 5)



